We present the upgrade of the coherent exclusive (CEEX) exponentiation realization of the Yennie-FrautschiSuura (YFS) theory used in our Monte Carlo (K K MC) to the processes ff → f f , f = µ, τ, q, ν , f = e, µ, τ, q, ν , q = u, d, s, c, b,t, = e, µ, τ with f = f , with an eye toward the precision physics of the LHC and possible high energy muon colliders. We give a brief summary of the CEEX theory in comparison to the older (EEX) exclusive exponentiation theory and illustrate theoretical results relevant to the LHC and possible muon collider physics programs.
I. INTRODUCTION
Given that the era of precision QCD at the LHC is upon us, by which we mean theoretical precision tags at or below 1% in QCD corrections to LHC physical processes, computation of higher order EW corrections are also required: in the single Z production process at the LHC for example, a u quark anti-u quark annihilation hard process at the Z pole has a radiation probability strength factor of 4 9 2α π ln(M 2 Z /m 2 u ) − 1 ∼ = 0.038 if we use the value m u ∼ = 5.0 MeV, the current quark mass value -we return to the best choice for the quark masses below. Evidently, we have to take these EW effects into account at the per mille level if we do not wish that they spoil the sub-1% precision QCD we seek in LHC precision QCD studies [1] . Indeed, when the cut on the respective energy of the emitted photons is at v min in units of the reduced cms effective beam energy, the 0.038 strength factor above is enhanced to 0.038 ln(1/v min ) and can easily become O (1) . This means we have to use resummation, realized by MC event generator methods, of the type we have pioneered in Refs. [2] to make contact with observation based on arbitrary cuts in any precise way. We call the reader's attention here to the approaches of Refs. [3] [4] [5] [6] [7] to EW corrections to such heavy gauge boson production at the LHC. It is well-known from LEP studies [8] that using only the exact O(α) EW corrections is inadequate for per mille level accuracy on these corrections. Our studies below will show that this is still the case. This means that the approaches in Ref. [3, [5] [6] [7] must be extended to higher orders for precision LHC studies. We comment further below on the relation of our approach to that in Ref. [4] as well 1 .
Presently, we recall that in the case of single Z/γ * production in high energy e + e − annihilation our state of the art realization of such resummation is the CEEX YFS [11, 12] exponentiation we have realized by MC methods in the K K MC 2 in Ref. [13] . We conclude that we therefore need to extend the incoming states that the K K MC allows to include the incoming quarks and anti-quarks in the protons colliding at the LHC. Previous versions of K K MC even though not adapted for the LHC were already found useful in estimations of theoretical systematic errors of other calculations [14, 15] .
We denote the new version of K K MC by version number 4.22, K K MC 4.22. Our aims in the current discussion in its regard are to summarize briefly on the main features of YFS/CEEX exponentiation [12, 16] in the SM EW theory, 1 We remind the reader that, as it is done in Ref. [4] for example, in the hadron collider environment, one can also use DGLAP-CS [9, 10] theory for the large QED corrections in the ISR, so that standard factorization methods are used to remove the big QED logs from the reduced hard cross sections and they occur in the solution of the QED evolution equations for the PDF's which can be solved from the quark mass m q to the factorization scale Q M Z here because QED is an infrared free theory; in what follows, we argue that we improve on the treatment of such effects with resummation methods we discuss presently. 2 The name K K MC derives from the fact that the program was published in the last year of the second millenium, where we note that K is the first letter of the Greek word Kilo, and from the fact that two of us (S.J. and Z.W.) were located in Krakow, Poland and the other of us (B.F.L.W.) was located in Knoxville, TN, USA at the inception of the code.
as this newer realization of the YFS theory is not a generally familiar one, to discuss the changes required to extend the incoming beam choices in the K K MC from the original e + e − incoming state in Ref. [13] to the more inclusive choices ff , f = e, µ, τ, q, ν , q = u, d, s, b, = e, µ, τ, and to present examples of theoretical results relevant for the LHC and possible muon collider [17] precision physics programs. For example, the muon collider physics program involves precision studies of the properties of the recently discovered BEH boson [18] candidate [19, 20] and treatment of the effects of higher order EW corrections will be essential to the success of the program, as we illustrate below.
In the next section, we review the older EEX exclusive realization and summarize the newer CEEX exclusive realization of the YFS [11] resummation in the SM EW theory; for, the YFS resummation is not generally familiar so that our review of the material in Refs. [2, 12, 16] will aid the unfamiliar reader to follow the current discussion. We do this in the context of e + e − annihilation physics programs for definiteness for historical reasons. In this way we illustrate the latter's advantages over the former, which is also very successful. We also stress the key common aspects of our MC implementations of the two approaches to exponentiation, such as the exact treatment of phase space in both cases, the strict realization of the factorization theorem, etc. We stress that both of the realizations of YFS exponentiation are available in the K K MC 4.22 where both allow for the new incoming beams choices. This gives us important cross-check avenues required to establish the final precision tag of our results. In Sect. 3, we discuss and illustrate the extension of the choices of the incoming beams in the K K MC realization of CEEX/EEX. We illustrate results which quantify the size of the EW higher order corrections in LHC and muon collider physics scenarios. Specific realizations of the results we present here in the context of a parton shower environment will appear elsewhere [21] . Sect. 4 contains our summary. Appendix 1 contains a sample output.
II. REVIEW OF STANDARD MODEL CALCULATIONS FOR e + e − ANNIHILATION WITH YFS EXPONENTIATION
There are many examples of successful applications [2] of our approach to the MC realization of the YFS theory of exponentiation for e + e − annihilation physics: (1) , for e + e − → ff + nγ, f = τ, µ, d, u, s, c there are YFS1 (1987 YFS1 ( -1989 YFS2∈KORALZ (1989 -1990 , O(α 1 + h.o.LL) exp ISR, YFS3∈KORALZ (1990 -1998 , O(α 1 + h.o.LL) exp ISR+FSR, and K K MC (98-02) O(α 2 + h.o.LL) exp ISR+FSR+IFI with dσ/σ = 0.2%; (2) , for e + e − → e + e − + nγ for θ < 6 • there are BHLUMI 1.x, (1987-1990) , O(α 1 ) exp and BHLUMI 2.x,4.x, (1990 BHLUMI 2.x,4.x, ( -1996 , O(α 1 + h.o.LL) exp with dσ/σ = 0.061%; (3) , for e + e − → e + e − + nγ for θ > 6 • there is BHWIDE (1994) (1995) (1996) (1997) (1998) 
with dσ/σ = 0.2(0.5)% at the Z peak ( just off the Z peak ); (4) , for e + e − → W + W − + nγ, W ± → ff there is KORALW (1994 KORALW ( -2001 and, (5) , for e + e − → W + W − + nγ, W ± → ff there is YFSWW3 (1995 YFSWW3 ( -2001 , YFS exponentiation + Leading Pole Approximation with dσ/σ = 0.4% at LEP2 energies above the WW threshold. The typical MC realization we effect in Refs. [2] is in the form of the "matrix element × exact phase space" principle, as we illustrate in the following diagram: In practice it means the following:
¡
• The universal exact Phase-space MC simulator is a separate module producing "raw events" (with importance sampling).
• The library of several types of SM/QED matrix elements which provides the "model weight" is another independent module ( the K K MC example is shown).
• Tau decays and hadronization come afterwards of course.
The main steps in YFS exponentiation are the reorganization of the perturbative complete O(α ∞ ) series such that IRfiniteβ components are isolated (factorization theorem) and the truncation of the IR-finiteβs to finite O(α n ) with the attendant calculation of them from Feynman diagrams recursively. We illustrate here the respective factorization for overlapping IR divergences for the 2γ case -R 12 ∈ R 1 and R 12 ∈ R 2 as they are shown in the following picture:
Note:β 0 andβ 1 are used beyond their usual (Born and 1γ) respective phase spaces. A kind of smooth "extrapolation" or "projection" is always necessary. We see that a recursive order-by-order calculation of the IR-finiteβs to a given fixed O(α n ) is possible: specifically,
In the classic EEX/YFS schematically the β's are truncated
with
The real soft factors and the IR-finite building blocks arẽ
with λ = fermion helicity, σ = photon helicity, and everything being in terms of ∑ spin |...| 2 ! The newer CEEX replaces older the EEX, where both are derived from the YFS theory [11] : EEX, Exclusive EXponentiation, is very close to the original Yennie-Frautschi-Suura formulation, which is also now featured in the MC's Herwig++ [22] and Sherpa [23] 
where λ is the collective index of fermion helicities. The O(α 1 ) IR-finite building blocks are:
Everything above is expressed in terms of M-amplitudes! Distributions are ≥ 0 by construction! In K K MC the above is done up to O(α 2 ) for ISR and FSR.
The full scale CEEX O(α r ), r=1,2, master formula for the polarized total cross section reads as follows:
The respective CEEX amplitudes are
For the full details see ref. [12] .
The precision tags of the K K MC are determined by comparisons with our own semi-analytical and independent MC results and by comparison with the semi-analytical results of the program ZFITTER [24] . In Fig. 1 we illustrate such comparisons, which lead to the K K MC precision tag dσ/σ = 0.2% for example. The ISR of ZFITTER is based on the O(α 2 ) result of ref. [25] , while K K MC is totally independent! See Ref. [12, 26] for a more complete discussion. Thus, we know that K K MC has the capability to deliver per mille precision on the large EW effects if it is extended to the appropriate incoming beams for the LHC and the muon collider.
To this we now turn.
At the LHC and at a futuristic muon collider [17] , the incoming beams involve for Z/γ * production and decay the other light charged fundamental fermions in the SM: u, d, s, c, b for the LHC and the muon for a muon collider. Thus, we need to extend the matrix elements, residuals, and IR functions in (1, 5) to the case where we substitute the e − , e + EW charges by the new beam particles f ,f EW charges and we substitute the mass m e everywhere by m f 3 . We have done this with considerable cross checks against the same semi-analytical tools that we employed in Ref. [12] to establish the precision tag of version 4.13 of K K MC. We want to stress that this was a highly non-trivial set of crosschecks: for example, we found that the MC procedure used in the crude MC cross section was unstable when the value of the radiation strength factor γ f =
2Q 2
F α π ln(s/m 2 f ) − 1 becomes too small 4 . This instability was removed and the correct value of the MC crude cross section was verified by semi-analytical methods. We did therefore a series of cross checks/illustrations with the new version of K K MC, version 4.22, which we now exhibit.
Turning first to the most important cross-check, we show in Tab. I and Figs. 2-4 that for the e + e − → µ + µ − process, our new version K K MC 4.22 reproduces the results in the corresponding √ s = 189GeV cross checks done in Ref. [12] for the dependence of the CEEX calculated cross section and A FB on the energy cut-off on v = 1 − s /s where s = M 2 µμ is the invariant mass of the µμ-system. The reader can check that the two sets of results, those given here in Tab. I and Figs. 2-4 and those given in Table 5 , Figs. 20, 21, and 18 in Ref. [12] are in complete agreement within statistical fluctuations. This shows that our introduction of the new beams has not spoiled the precision of the K K MC for the incoming e + e − state. ing dd case compared to −5.9% for the incoming e − e + case. The behavior of A FB (v max ) is similar between to the two incoming beam sets, where turning the IFI off reduces the value of A FB at v max = 0.01 by 8.12%(2.55%) respectively for the incoming e − e + (dd) case. In both cases, the loose cut such as v max = 0.99 tends to wash-out these effects. In Fig. 5 the data on the cross sections in the table in Tab. II are plotted in relation to the reference semi-analytical result denoted as K K sem [12] as the ratio of their difference to the reference divided by the reference and in Fig.6 the corresponding data on A FB are plotted as their difference with the respective K K sem results. When compared to the analogous results for the usual e − e + case in Figs. 2 and 3 we see that structure at the Z-radiative return position, v mas ∼ = 0.77, is very much reduced in the dd case due to the smaller electric charge magnitude, just as the size of the IFI effects themselves are similarly reduced. In Fig. 7 , we show the physical precision test which compares the size of the second and first order CEEX results for the cross section and the forward-backward asymmetry: for the dd case compared to the similar plots in Fig. 4 for the e − e + case we see that for the strong cuts we have higher precision, we have smooth behavior through the Z-peak region, and that at the very loose cuts the two precision tags are similar, where we would estimate that similar value at 0.35% in the worst case that v max → 1 on the cross section for example -here we use half the difference shown in the figure as the error estimate. For the more generic energy cut of 0.6% our physical precision estimate is 0.05%. This is the type of precision required for the precision LHC physics studies. Turning next to the incoming uū case, we show in Tab. III and Figs. 8-10 the analogous results to those in Tab. II and Figs. 5-7 for the uū → µ − µ + at √ s = 189GeV, so that again we have the reference to the usual incoming e + e − annihilation case regarding the size and nature of the EW effects expected. We see that the effects are now quantitatively different, because the sizes of the EW charges are different, but they also have the opposite sign in the enhanced regions because the EW charges of the u quarks have the opposite sign to those of the e − . This means that in the LHC environment in processes such as single Z boson production there will be some compensation between the effects from u and d quarks. A detailed application of the new K K MC two such scenarios will ap-pear elsewhere. Here, we specifically note that for the strong cut case with v max = 0.01 the IFI effect on the cross section in Tab. III is −4.14% while the effect on A FB at this value of v max is −3.52%, both of which correlate well with the value of the u-quark EW charges compared to the e − EW charges, where the corresponding results are from Tab. I 5.9% and 8.12% respectively. In Figs. 8 and 9 we show for the incoming uū the analogous plots to those in Figs. 5 and 6 for the incoming dd case of the relative values of the data in Tab. III. We see that the structure at the Z-radiative return position is a bit more evident than for the latter case and that the IFI(Initial-Final state Interference) effects are correspondingly more evident in general, as expected. In Fig. 10 , we show the corresponding physical precision study as the difference between the second and first order CEEX predictions. In the worst case scenario with v max → 1 we have the estimate at 0.5% on the cross section; at strong cuts v max → 0 we have 0.025% and at moderate cuts near v max ∼ = 0.6 we have .08%, as needed for precision LHC studies. These estimates hold for both the IFI on and IFI off cases. Table I for definition of the energy cut v max , scattering angle and M.E. type, As most of the cross section at the LHC in the single Z/γ * production and decay to lepton pairs is concentrated near the Z−resonance, we next turn to the similar studies as we have shown in Tabs. I-III and Figs. 2-10 for √ s = M Z so see more directly what type of effects one has to consider in precision studies of these processes. We stress that with 25 f b −1 of recorded data for each of ATLAS and CMS, the number of such decays exceeds 10 M in each experiment. Turning first to the dd incoming beam scenario we have the results in Tab. . We see that the small width(that is to say the lifetime) of the Z suppresses the IFI effects as expected: on the cross section even for the strong cut v max = 0.01 the effect is at the level of only 0.065% and it is already essentially non-existent at v max = 0.1; on A FB a 5.5% enhancement at v max = 0.01 is already reduced to 0.29% at v max = 0.1. But, the effect of the radiation on the cross section is quite pronounced, as the cross section changes by 26% between the strong cut v max = 0.01 and the loose cut v max = 0.99. Thus, high precision on its theoretical prediction is essential for LHC precision studies. Indeed, these remarks are borne out in the plots in Figs. 11 and 12 , where we respectively see the closeness of the CEEX cross section with the IFI on and IFI off and the similar closeness of the CEEX forward-backward asymmetries with the IFI on and off except for the region below v max = 0.01, where the IFI effect reaches 5.5%. Turning to the physical precision study in Fig. 13 , we see that in the typical scenario where v max ∼ = 0.6, the precision tag for both IFI on and the IFI off cross sections is 0.04%, sufficient for the precision LHC studies. Continuing in this vein, we present next the incoming uū scenario at √ s = M Z in Tab. V and Figs. 14-16. We see again that that the small width of the Z suppresses the IFI effects: the negative effects at v max = 0.01 of −0.0587% on the cross section and −16.2% on A FB become respectively non-existent and −.989% at v max = 0.1; at the loose cut v max = 0.99 the IFI effect on the cross section(the forward-backward asymmetry) Table I for definition of the energy cut v max , scattering angle and M.E. type, is below the 0.01%(0.00285) precision of the data. The cross section varies by 30.6% as v max varies from 0.01 to 0.99 so again its theoretical prediction for the radiative effects must have high precision for precision studies. These remarks are borne out by the plots in Figs. 14 and 15 , where see that the IFI on and IFI CEEX cross sections are very close to the reference cross section even for the very strong and loose cuts and that the IFI on and off CEEX forward-backward asymmetries are the same as the EEX3 value by an energy cut value of 0.25, for example. In Fig. 16 , we see the precision study shows that the cross section has the precision estimate of 0.04% at the energy cut of 0.6 just as we had for the incoming dd case. Again, this is sufficient for precision studies of LHC physics.
While we have discussed the individual incomingsce- 
FIG. 12.
Charge asymmetry A FB , energy cut-off study for the process dd → µ − µ + at the Z. Results the same as in the table IV. narios, K K MC 4.22 has a beamstrahlung option in which one may replace the beamstrahlung functions with the proton PDF's. We have done this as a proof of principle exercise and we show in Appendix 1 the results of a simple test run at 7TeV. What we see in this test run output is that indeed significant probability exists for the incoming quarks to radiate non-zero p T in the higher order corrections: these effects cannot be properly described by zero p T methods such as structure function techniques [4] . We will return to such studies elsewhere [21] . Finally, given the interest in muon collider precision physics [17] , we consider next the process µ + µ − → e + e − again at √ s = 189GeV, so that again we have the reference to the usual incoming e + e − annihilation case regarding the size and nature of the EW effects expected. In this case we have all the same EW charges but the ISR probability to radiate factor γ e = (1) σ ( show reduction in size for ISR dominated regimes, the same size for the IFI dominated regimes. This is borne-out by the results in Tab. In the regime of the strong cut, with v max = 0.01, the results are very similar in all aspects to the usual incoming e − e + case: the cross section is enhanced by 6.0% to be compared with 5.9% and A FB is enhanced by 8.3% to be compared to 8.1%. In the regime of the loose cut, with v max = 0.99, the cross section is enhanced by 0.49% to be compared with 0.38% and A FB is enhanced by 1.7% to be compared to 2.4%. In Figs. 17 and 18 we see that we have same general behavior as we have in Figs. 2 and 3 , the characteristic Z peak radiative return structure in Fig. 17 and its inflection behavior in Fig. 18 . In Fig. 19 , we see that the precision studies comparing the second order and first order CEEX results show the pronounced effect of the Z radiative return. At an energy cut of 0.6, we see again that a precision tag of 0.2% obtains, so that precision results for EW effects would be available. The detailed application of such results to muon collider physics will be taken up elsewhere [28] .
IV. CONCLUSIONS
YFS inspired EEX and CEEX MC schemes are successful examples of Monte Carlos based directly on the factorization theorem (albeit for the IR soft case for Abelian QED only). These schemes work well in practice: KORALZ, BHLUMI, YWSWW3, BHWIDE and K K MC are examples. The extension of such schemes (as far as possible) to all collinear singularities would be very desirable and practically important! Work on this is in progress-see Refs. [29] [30] [31] 
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1.6718 ± 0.0040 1.7721 ± 0.0048 0.10 2.5076 ± 0.0000 2.5119 ± 0.0046 2.5123 ± 0.0046 2.5946 ± 0.0055 0.30 3.0153 ± 0.0000 3.0192 ± 0.0048 3.0203 ± 0.0048 3.0813 ± 0.0057 0.50 3.2808 ± 0.0000 3.2839 ± 0.0049 3.2867 ± 0.0049 3.3348 ± 0.0058 0.70 3.5252 ± 0.0000 3.5277 ± 0. Table I for definition of the energy cut v max , scattering angle and M.E. type, extended to the new incoming ff , f = µ, τ, ν , q, q = u, d, s, c, b, = e, µ, τ, beams cases. The quark-anti-quark and µ − µ + incoming beam cases are respectively important for the LHC precision EW predictions at the per mille level and to the precision EW studies for the possible muon collider physics program. We have seen that in all cases, the per mille level accuracy requirements necessitate the implementation of the K K MC class of EW higher order effects.
Realizations and applications of this class of higher order EW effects is in progress and will appear elsewhere [21] .
The new version of the K K MC, version 4.22 record with the exactly zero transverse momentum, formerly beamstrahlung photons, are now representing proton remnants (temporary fix). What is important to see is the perfect energy momentum conservation and proper flavor structure. Overall normalization of the cross section is in principle also under strict control, however, more tests are needed.
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